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Abstract
By studying the ηc decays exclusively to double glueballs, we introduce a model to mimic phe-
nomenologically the gluon-pair-vacuum interaction vertices, namely the 0++ model. Based on this
model, we study glueball production in ηc decay, explicitly ηc → f0(1500)η(1405). Among them
f0(1500) is well-known scalar glueball candidate and η(1405) is thought of a candidate for pseu-
doscalar glueball. We discuss the possibility of finding these light glueballs in their production via the
0++ model. We also discuss the heavier glueball production in ηb decays, which might be detectable
in the LHCb and Belle-II experiments.
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I. INTRODUCTION
According to the theory of strong interaction, the Quantum Chromodynamics (QCD) [1],
gluons have self-intraction, which suggests in some sense the existence of glueball. The search
for glueballs has experienced a long history, however the existence evidence is still vague.
Being short of reliable glueball production and decay mechanisms makes the corresponding
investigation rather difficult. Another hurdle hindering the glueball searching lies in the fact
that usually glueballs mix heavily with the quark states, somehow with the exception of
exotic glueballs [2].
The scalar glueballs which have the quantum numbers JPC = 0++ are suggested to be
the lightest glueballs by lattice calculation and its mass is around 1600 − 1700 MeV with
an uncertainty of about 100 MeV [3–6]. Experimentally, there exist three isosinglet scalars
f0(1370), f0(1500) and f0(1710) around 1600− 1700 MeV. The absence of the γγ → KK¯ or
π+π− mode through f0(1500) excludes the possibility of a large nn¯ content within f0(1500)
[7, 8]. On the other hand, the f0(1500) has a small KK¯ decay branching rate [9–11], implies
its main content is hardly to be ss¯. Various peculiar natures suggest that f0(1500) might
be a scalar glueball, or glue rich object [12] . In a large mixing model, as discussed in Refs.
[12–15], glue is shared between f0(1370), f0(1500) and f0(1710). The f0(1370) is mainly
constructed of nn¯, the f0(1500) is thought to be glue predominant, and the f0(1710) has a
large content of ss¯ ingredient.
Evidence for pseudoscalar 0−+ glueballs is still weak [16]. E(1420) and ι(1440) observed
by Mark II were the early candidates of pseudoscalar glueballs proposed in Refs. [17–20].
However, E(1420) is reconsidered as the 1+ meson and renamed f1(1420), while ι(1440) is still
considered as a pseudoscalar now known as η(1405) [21]. BESII observed η(1405) → ηππ
in J/ψ(1S) decay [22], and η(1405) decay to ηππ is also observed in p¯p annihilation [23].
However, η(1405) was observed in neither ηππ nor KK¯π channels in γγ collisions by L3 [24].
Hence η(1405) was suggested to have a large glue content by L3 since glueball production is
suppressed in γγ collision. Although quenched lattice and some QCD Sume Rule calculations
predict the mass of 0−+ glueballs is above 2 GeV [4, 25, 26], the η(1405) fits the fluxtube
model well [27] and roughly the η-η′-G mixing calculation [28].
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In this paper, we discuss the glueballs production in ηc decay by introducing a model
for the gluon-pair-vacuum interaction vertices, namely the 0++ model, as shown in the the
Fig.(1). We assume the gluon pair is created homogeneously in space with equal probability.
Comparing to the 3P0 model [29–37], which models the quark-antiquark pair creation in
the vacuum, we formulate an explicit vacuum gluon-pair transition matrix and estimate the
strength of the gluon-pair creation. Employing the 0++ model, we then investigate the ηc
decay to scalar and pseudoscalar glueballs. Based on our knowledge about glueballs, we
choose f0(1500) and η(1405) as scalar and pseudoscalar glueball candidates respectively. The
possibility of finding ηc → f0(1500)η(1405) is discussed.
The rest of the paper is arranged as follows. After the introduction, we construct a
model for gluon-pair-vacuum interaction vertices in Sec.II. In Sec.III, the process ηc →
f0(1500)η(1405) is evaluated. Last section is remained for summary and outlooks.
FIG. 1: Schematic diagram for glueball production in ηc decay in 0
++ model.
II. CONSTRUCTION OF THE 0++ MODEL
In quantum fields theory, the physical vacuum is the ground state of energy, with a large
number of particle fields fluctuate in it. Therefore, there are certain probabilities of quark
pairs and gluon pairs with vacuum quantum numbers being induced from the vacuum by
energy fluctuation. It is reasonable to conjecture that gluon pairs would be created with
equal amplitude in space, just like the quark-antiquark pairs do in 3P0 model. Created from
the vacuum, the gluon pairs hence possess the quantum numbers JPC = 0++.
Following we investigate glueball production in ηc decays by means of the 0
++ model, as
shown in Figure 1. The transition amplitude of ηc exclusively to double glueballs for instance
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can be formulated as
〈G1G2|T |ηc〉 = g2sγg〈G1G2|q¯itaijγµqjAµa q¯mtbmnγνqnAνb δcdηρσAρcAσd |ηc〉 . (1)
Here, G1 and G2 represent glueballs; gs is the strong coupling constant; γg denotes the
strength of gluon pair creation in the vacuum, which can be extracted by fitting to the
experimental data; ηρσ is the Minkowski metric; qi, A
µ
a and ta represent the quark fields,
gluon fields and the Gell-Mann matrices respectively. The δcdηρσA
ρ
cAσd term is employed to
produce the gluon pair in the vacuum.
Inserting the completeness relation
∑
G |G〉〈G| = 2EG into Eq.(1), we get
〈G1G2|T |ηc〉 = 1
2EG
∑
G
γg〈G1G2|δcdηρσAρcAσd |G〉g2s 〈G|q¯itaijγµqjAµa q¯mtbmnγνqnAνb |ηc〉
≡ 1
2EG
∑
G
γg〈G1G2|T1|G〉g2s 〈G|T2|ηb〉, (2)
where |G〉 is the shorthand notation for gluons g1 and g2 emitted from ηc and the phase space
integration is implied in |G〉, shown in the following Eq.(6). T1 is the transition operator for
Gg3g4 → G1G2, where g3g4 represent the gluon pair created in the vacuum and T2 is the
transition operator for ηc → g1g2.
FIG. 2: The schematic Feynman Diagram of ηc to double-glueball transition amplitude.
The transition matrix T1 in Fig.2 can be decomposed as follows:
T1 = I1 ⊗ I2 ⊗ Tvac , (3)
where Tvac is the vacuum-gluon pair transition amplitude, Ii are identity matrices indicating
the quasi-free propagations of g1 and g2. The g3 and g4 are created in vacuum, their spins’
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third-components thus have three different combinations, that is |ms3 ,ms4〉 may take |1,−1〉,
|0, 0〉, or | − 1, 1〉. Note, phenomenologically the gluons in amplitude T1 are massive.
The total spin state of the gluon pair produced in vacuum, |S,MS〉, possessing the vacuum
quantum number, is a singlet, can be formulated as
χ340,0 =
1√
3
(
|1,−1〉ms3ms4 − |0, 0〉ms3ms4 + | − 1, 1〉ms3ms4
)
. (4)
The Tvac can then be expressed as
Tvac = γg
∫
d3k3 d
3k4δ
3(k3 + k4)Y00
(
k3 − k4
2
)
χ340,0 δcda
†
3c(k3) a
†
4d(k4) . (5)
Here, k3 and k4 represent the 3-momenta of gluons g3 and g4, a
†
3c and a
†
4d are creation
operators of gluons with color indices, and Yℓm(k) ≡ |k|ℓYℓm(θk, φk) is the ℓth solid harmonic
polynomial that gives the momentum-space distribution of the produced gluon pair.
The state |G〉 obviously possesses the same quantum numbers of |ηc〉, i.e. JPCG = 0−+,
thus can be expressed as
|G〉 =
√
2EG
∫
d3k1d
3k2δ
3 (KG − k1 − k2)
×
∑
MLG ,MSG
〈LGMLGSGMSG |JGMJG〉ψnGLGMLG (k1,k2)χ
12
SGMSG
δab
∣∣∣ga1gb2〉 , (6)
where k1 and k2 represent 3-momenta of gluons g1 and g2, ψnGLGMLG (k1,k2) is the spa-
tial wave function with n, L, S, J the principal quantum number, orbital angular momen-
tum, total spin and the total angular momentum of |G〉, respectively. χ12 is the corre-
sponding spin state, expressed as |SGMSG〉 later on for the sake of calculation transparency.
〈LGMLGSGMSG |JGMJG〉 is the Clebsch-Gordan coefficient and reads 〈1m; 1−m|00〉 for |G〉
state. The normalization conditions write
〈G(KG)|G(K′G)〉 = 2EGδ3(KG −K′G) , (7)
〈gai (ki)|gbj(kj)〉 = δijδabδ3(ki − kj) , (8)
∫
d3k1d
3k2δ
3(KG − k1 − k2)ψG(k1,k2)ψG′(k1,k2) = δG′G , (9)
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with K the corresponding 3-momenta. Similarly we may have expressions for G1 and G2
states.
Equipped with the gluon-to-glueball transition operator T1 and expressions for initial and
final states, we are now capable of evaluating the transition matrix element
〈G1G2|T1|G〉 = γg
√
8EGEG1EG2
∑
(MLG ,MSG),(MLG1
,MSG1
),(MLG2
,MSG2
)
× 〈LGMLGSGMSG |JGMJG〉〈LG1MLG1SG1MSG1 |JG1MJG1 〉
× 〈LG2MLG2SG2MSG2 |JG2MJG2 〉〈χ13SG1MSG1χ
24
SG2MSG2
|χ12SGMSGχ
34
00〉
× IMLG ,MLG1 ,MLG2 (K)(δabδcdδacδbd)color−octet . (10)
Here the momentum space integral IMLG ,MLG1 ,MLG2
(K) writes
IMLG ,MLG1 ,MLG2
(K) =
∫
d3k1d
3k2d
3k3d
3k4 δ
3(k1 + k2)δ
3(k3 + k4)δ
3(KG1 − k1 − k3)
× δ3(KG2 − k2 − k4)ψ∗nG1LG1MLG1 (k1,k3)ψ
∗
nG2LG2MLG2
(k2 ,k4)
× ψnGLGMLG (k1,k2)Y00
(k3 − k4
2
)
. (11)
For simplicity, it is reasonable to conjecture the glueball and |G〉 state wave functions in
harmonic oscillator (HO) form
ψnLM (k) = NnL exp
(
−R
2k2
2
)
YLM (k)P(k2) , (12)
where k is the relative momentum between two gluons inside the states, NnL is the normal-
ization coefficient and P(k2) is a polynomial of k2 [33]. 〈χ13SG1MSG1χ
24
SG2MSG2
|χ12SGMSGχ
34
00〉
which denotes the spin coupling can be expressed by Wigner’s 9j symbol [31]
〈χ13SG1MSG1χ
24
SG2MSG2
| χ12SGMSGχ
34
00〉 = (−1)SG2+1
[
(2SG1 + 1)(2SG2 + 1)(2SG + 1)
]1/2
×
∑
S,Ms
〈SG1MSG1 ;SG2MSG2 |SMs〉〈SMs|SGMSG ; 00〉
×


s1 s3 SG1
s2 s4 SG2
SG 0 S


. (13)
Here, si is the spin of gluon gi with i = 1, 2, 3, 4, and
∑
S,Ms
|SMs〉〈SMs| is the completeness
relation.
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The helicity amplitude MMJGMJG1MJG2 may be read off from
〈G1G2|T1|G〉 = δ3(KG1 +KG2 −KG)M
MJGMJG1
MJG2
1 , (14)
by which the decay width for process ηc → G1G2 can be readily calculated through [33]:
Γ = π2
|K|
M2ηc
∑
JL
∣∣∣MJL∣∣∣2 . (15)
Here, MJL = MJL1 M22EG , M2 is the amplitude of process ηc → gg, and MJL1 is the partial
wave amplitude which can be obtained by converting the helicity amplitudeMMJGMJG1MJG21
through the Jacob-Wick formula [38]
MJL1 =
√
2L+ 1
2JG + 1
∑
MG1 ,MG2
〈L0JMJG |JGMJG〉
× 〈JG1MJG1JG2MJG2 |JMJG〉M
MJGMJG1
MJG2
1 (16)
with J = JG1 + JG2 and L = JG − J .
III. GLUEBALL PRODUCTION IN ηc DECAYS VIA THE 0
++ MODEL
In this section, we estimate the scalar and the pseudoscalar glueballs production in ηc
decays via the 0++ model, taking f0(1500) and η(1405) as the corresponding candidates,
named G1 and G2 respectively. The quantum numbers of the states involve in the process
are presented in Table I, where |G〉 and |ηc〉 are the same in quantum number.
JPC L ML S MS
ηc 0
−+ 1 M0 1 −M0
f0(1500) 0
++ 0 0 0 0
η(1405) 0−+ 1 M2 1 −M2
TABLE I: Quantum numbers of ηc, f0(1500) and η(1405). The magnitudes of M0 and M2 can be −1,
0 and 1.
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A. The calculation of T1
In Eq.(10), the color contraction gives a number 8, and for scalar glueballs, the spin and
orbital angular momentum coupling leads the C-G coefficient to be 〈00; 00|00〉 = 1. Therefore,
Eq.(10) in this situation turns to
〈G1G2|T1|G〉 =
∑
MG,MG2
8γg
√
8EGEG1EG2〈1M0; 1−M0|00〉〈1M2; 1−M2|00〉
× 〈χ1300χ241−M2 |χ121−M0χ3400〉IM0,0,M2(K) . (17)
The spin coupling 〈χ1300χ241−M2 |χ121−M0χ3400〉 is characterized in Wigner’s 9j symbol, a represen-
tation of 4-particle spin coupling, which can be expanded as series of 2-particle spin couplings
represented by Wigner’s 3j symbol [31], shown in Appendix A.
After substituting all spin couplings in Appendix A into Eq.(17), T1 will be reduced to
〈G1G2|T1|G〉 = −1
9
γg
√
8EGEG1EG2
×
(
|〈11, 1 − 1|00〉|2I1,0,1(K) + |〈10, 10|00〉|2I0,0,0 + |〈1− 1, 11|00〉|2I−1,0,−1(K)
)
= −γg
27
√
8EGEG1EG2
(
I1,0,1(K) + I0,0,0(K) + I−1,0,−1(K)
)
. (18)
With a lengthy calculation, some details are given in Appendix B, the momentum space
integrals are obtained. I1,0,1 = I−1,0,−1 = 0, and the expression of I0,0,0 is provided in
Eq.(B9). Given δ3(KG −KG1 −KG2)I ≡ I0,0,0 and considering of Eqs.(14), (18) and (B9),
we have
〈G1G2|T |G〉 = δ3(KG −KG1 −KG2)M
MJGMJG1
MJG2
1
= −γg
27
√
8EGEG1EG2I0,0,0
= −γg
27
√
8EGEG1EG2δ
3(KG −KG1 −KG2) I , (19)
from which MMJGMJG1MJG21 =M0001 can be extracted, i.e.
M0001 = −
γg
27
I
√
8EGEG1EG2 . (20)
The most probable radius R of the HO wave function can be estimated through R = 1/α,
where α =
√
µω/~. Here, µ denotes the reduced mass, ω is the angular frequency of harmonic
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oscillator which is given by Ein = (2n + L + 3/2)~ω, with Ein being the glueball inner
energy, n the radial quantum number, and L the orbital angular momentum. As discussed
in Refs.[39, 40], the effective mass of the constituent gluon is about 0.6 GeV, which means
µ = 0.3 GeV for glueballs. In our calculation, the PDF [41] given masses for ηc, f0(1500)
and η(1405) are adopted, i.e, Mηc = 2.98 GeV, M1 = 1.50 GeV and M2 = 1.41 GeV. In ηc
center-of-mass system, the momenta of f0(1500) and η(1405) are fixed to be 0.32 GeV, and
hence their total energies are known, as given in Table II.
E (GeV) Ein(GeV) ω (GeV) α (GeV) R (GeV)
−1
G 2.98 2.98 0.66 0.45 2.24
G1 1.53 1.50 0.43 0.36 2.79
G2 1.45 1.41 0.31 0.31 3.26
TABLE II: The energy, mass, ω, α and the most probable radii of ηc, f0(1500) and η(1405).
With above discussion and inputs, we can readily get I = 0.41 GeV−3/2, M0001 = 0.11γg .
Note, when
〈L0JMJG |JGMJG〉 = 〈L0J0|00〉 = 〈0000|00〉 = 1 , (21)
〈JG1MJG1JG2MJG2 |JMJG〉 = 〈0000|00〉 = 1 , (22)
M001 = 0.11γg either, according to (16).
B. The calculation of T2
FIG. 3: The Feynman diagrams of ηc → gg decay process.
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The calculation of the process ηc → gg is quite straightforward. At the leading order
of perturbative QCD, there are only two Feynman diagrams, shown in Fig.3. Their decay
amplitudes read:
iMµν,ab1 ǫ
∗
µ(k1)ǫ
∗
ν(k2) = (igs)
2v¯(p2)γ
νtb
i
p/1 − k/1 −m
γµtau(p1)ǫ
∗
µ(k1)ǫ
∗
ν(k2) , (23)
iMµν,ab2 ǫ
∗
µ(k1)ǫ
∗
ν(k2) = (igs)
2v¯(p2)γ
µta
i
p/1 − k/2 −m
γνtbu(p1)ǫ
∗
µ(k1)ǫ
∗
ν(k2) , (24)
where u and v¯ stand for charm quark spinors, ǫµ denotes gluon polarization, and gs is the
strong coupling constant. For quark pair to form a pseudoscalar quarkonium, in normal
routine one can realize it by performing the following projection [42]:
u(p)v¯(−p)→ iγ5Rηc(0)
2
√
2π ×mc
(p/+mc) ⊗
(
1c√
Nc
)
, (25)
where in ηc center-of-mass system p1 = p2 = p, mc the charm quark mass. The ηc → gg
matrix element squared may be obtained through a straightforward calculation, i.e.
|M2|2 = 4g
4
s |R(0)ηc |2
3πmc
. (26)
C. The estimation of γg
We estimate the strength of glue-pair-vacuum coupling in analogous to the 3P0 model,
where the strength of quark pair creation in vacuum is represented by γ. According to the
arguments of Ref. [35], γ = g2m , where g is a constant with energy dimension, m is the created
quark mass. To avoid constructing a new model to mimic the non-perturbative process of the
gluon pair production in vacuum, we simply infer the γg by comparing the relative strength
of qq¯ → gg to qq¯ → qq¯ processes, as shown in Fig.4. The γ2g/g2 is conjectured to be at the
same order of the relative rate of these two processes.
It is well known that at the tree level
|M¯(qq¯ → qq¯)|2 = 4
9
(
s2 + u2
t2
+
t2 + u2
s2
− 2u
2
3st
)
, (27)
|M¯(qq¯ → gg)|2 = 32
27
(
−9
(
t2 + u2
)
4s2
+
t
u
+
u
t
)
, (28)
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FIG. 4: The coupling of qq¯qq¯ and qq¯gg.
and considering the relationship between Mandelstam variables, we can get
γ2g/g
2 ≈ σ(qq¯ → gg)
σ(qq¯ → qq¯) ≈ 0.0288 , (29)
where the interaction energy is set to be at 2mu. Since in
3P0 model γ = 0.282×
√
96π [35],
we then have γ2g ≈ 0.0288 × γ2 × (2mu)2 = 13.37+8.28−4.42 MeV2, where the u-quark mass mu
equals 2.2+0.6−0.4 MeV [41].
D. The glueball production rates in 0++ model
Eq.(2) tells MJL = MJL1 M22EG , where MJL has only one nonzero matrix element, the
M001 = −γg27I
√
8EGEG1EG2 , and |M2|2 = 4g
4
s |R(0)ηc |
2
3πmc
. Substituting them into Eq.(15), we
can then get the ηc → f0(1500)η(1405) decay width,
Γ = π2
|K|
M2ηc
∑
JL
∣∣∣MJL∣∣∣2 = π2 |K|
4M4ηc
|M001 |2|M2|2
=
8π2g4s |R(0)ηc |2γ2g |K|EGEG1EG2I2
37πmcM4ηc
= 2.83+2.18−1.02 eV . (30)
In above calculation, the PDG [41] data for ηc, f0(1500) and η(1405) are adopted, i.e. Mηc =
2.98 GeV, M1 = 1.50 GeV and M2 = 1.41 GeV. The charm quark mass is taken to be
mc = (1.27 ± 0.03) GeV. The strong coupling constant αs(ηc) = 0.25, the ηc radial wave
function at the origin |R(0)ηc |2 = 0.527±0.013 GeV3 [42]. With these inputs, one can readily
get the branching fraction of ηc → f0(1500)η(1405) process,
Brηc→f0(1500)η(1405) =
Γηc→f0(1500)η(1405)
Γtotal
= 8.90+7.26−3.34 × 10−8 . (31)
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In analogous to the ηc decay, Upsilon, the ηb, exclusive decay to glueball pairs can be
evaluated by 0++ model as well. With the same procedure performed in above for ηc, we
have
Γηb→f0(1500)η(1405) = 17.49
+11.24
−5.95 eV , Brηb→f0(1500)η(1405) = 1.75
+3.06
−0.96 × 10−6 . (32)
Moreover, from the Lattice QCD calculation [3–6, 25], there might be scalar and pseudoscalar
glueball candidates with masses 1.75 GeV and 2.39 GeV, respectively. In this case we find
Γηb→G0++G0−+ = 10.53
+6.77
−3.58 eV , Brηb→G0++G0−+ = 1.05
+1.83
−0.59 × 10−6 . (33)
IV. SUMMARY
In this work, we discuss the glueball pair exclusive production in quarkonium decay by
introducing a 0++ model, which is employed to mimic phenomenologically the gluon-pair-
vacuum interaction vertices. It is assumed that gluon pair is created homogeneously in space
with equal probability. By virtual of the 3P0 model, we formulate an explicit vacuum gluon-
pair transition matrix and estimate the strength of the gluon-pair creation. We then calculate
the ηc to f0(1500) and η(1405) decay width, where f0(1500) and η(1405) are supposed to
be scalar and pseudoscalar glueball candidates respectively, and find the decay width and
branching ratio are 2.83 eV and 8.90 × 10−8 respectively.
In light of the ηc decay, we evaluate also the ηb exclusive decay to f0(1500) and η(1405)
and find the decay width and branching rate are 17.49 eV and 1.75 × 10−6. Suppose there
exit heavier scalar and pseudoscalar glueballs with masses 1.75 GeV and 2.39 GeV as per
the Lattice QCD calculation, we find the corresponding decay width and branching ratio are
10.53 eV and 1.05× 10−6. Since these branching ratios are not too small, we think they may
deserve to be explored in BESIII, BelleII, LHCb and other experiments.
We acknowledge that the estimation of gluon-pair-vacuum coupling is quite premature
and hence the calculation for pseudoscalar quarkonium exlusive decay to glueballs. The
refinement of the 0++ model still needs a lot of tedious works. We believe that, due to
the importance of glueball physics, various mechanisms of glueball decay and production are
deserved to explore.
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Appendix A: Wigner’s symbols
In Eq.(17), the Wigner’s 3j and 9j symbols read
 j1 j2 jm1 m2 m

 = (−1)
j1−j2−m
√
2j + 1
〈j1j2m1m2|j,−m〉 (A1)
and 

j1 j2 j12
j3 j4 j34
j13 j24 j


=
∑
m

 j1 j2 j12m1 m2 m12



 j3 j4 j34m3 m4 m34



 j13 j24 jm13 m24 m


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×

 j1 j3 j13m1 m3 m13



 j2 j4 j24m2 m4 m24



 j12 j34 jm12 m34 m

 , (A2)
respectively. Applying to Eq.(13), the spin coupling term then reduces to
〈χ1300χ241−M2 |χ121−M0χ3400〉 = 3
∑
S,MS
〈00; 1 −M2|SMS〉〈SMS |1−M0; 00〉


1 1 0
1 1 1
1 0 S


. (A3)
In above equation, evidently 〈00; 1 −M2|SMS〉 and 〈SMS |1 −M0; 00〉 will be nonzero only
when S = 1, which means MS can be any of 1, 0 or −1. Thus all possible |SMS〉 are |1,−1〉,
|1, 0〉 and |1, 1〉. In addition, 〈00; 1 −M2|SMS〉 and 〈SMS |1 −M0; 00〉 will be zero unless
M0 =M2 = −MS.
Given M ≡MS the Wigner’s 9j symbol can then be calculated as follows:

1 1 0
1 1 1
1 0 1


=
∑
M

 1 1 0m1 m3 0



 1 1 1m2 m4 −M



 1 0 1M 0 −M


×

 1 1 1m1 m2 −M



 1 1 0m3 m4 0



 0 1 10 M −M


=
1
9
〈1m1; 1m3|00〉〈1m2; 1m4|1M〉〈1M ; 00|1M〉
× 〈1m1; 1m2|1M〉〈1m3; 1m4|00〉〈00; 1M |1M〉 . (A4)
Every term in above equation can be evaluated by normal C-G coefficient. That is:
〈1m1; 1m3|00〉 =
√
1
3
(δm11δm3,−1 − δm10δm30 + δm1,−1δm31) , (A5)
〈1M ; 00|1M〉 =
√
2
2
, (A6)
〈00; 1M |1M〉 =
√
2
2
, (A7)
〈1m3; 1m4|00〉 =
√
1
3
(δm31δm4,−1 − δm30δm40 + δm3,−1δm41) , (A8)
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〈1m2; 1m4|1− 1〉 =
√
2
2
(δm20δm4,−1 − δm2,−1δm40) , (A9)
〈1m1; 1m2|1− 1〉 =
√
2
2
(δm10δm2,−1 − δm1,−1δm20) , (A10)
〈1m2; 1m4|10〉 =
√
2
2
(δm21δm4,−1 − δm2,−1δm41) , (A11)
〈1m1; 1m2|10〉 =
√
2
2
(δm11δm2,−1 − δm1,−1δm21) , (A12)
〈1m2; 1m4|11〉 =
√
2
2
(δm21δm40 − δm20δm41) , (A13)
〈1m1; 1m2|11〉 =
√
2
2
(δm11δm20 − δm10δm21) . (A14)
After inserting above ingredients into Eq.(A3), we get the corresponding spin couplings:
〈χ1300χ241−1|χ121−1χ3400〉 =
1
72
(δm11δm3,−1 − δm10δm30 + δm1,−1δm31)
× (δm31δm4,−1 − δm30δm40 + δm3,−1δm41)
× (δm20δm4,−1 − δm2,−1δm40)(δm10δm2,−1 − δm1,−1δm20) , (A15)
equals − 172 for m1 = −1, m2 = 0, m3 = 1, m4 = −1 or m1 = 0, m2 = −1, m3 = 0, m4 = −1,
and 0 for all other cases.
〈χ1300χ2410|χ1210χ3400〉 =
1
72
(δm11δm3,−1 − δm10δm30 + δm1,−1δm31)
× (δm31δm4,−1 − δm30δm40 + δm3,−1δm41)
× (δm21δm4,−1 − δm2,−1δm41)(δm11δm2,−1 − δm1,−1δm21) , (A16)
equals − 172 for m1 = −1, m2 = 1, m3 = 1, m4 = −1 or m1 = 1, m2 = −1, m3 = −1, m4 = 1,
and 0 for all other cases.
〈χ1300χ2411|χ1211χ3400〉 =
1
72
(δm11δm3,−1 − δm10δm30 + δm1,−1δm31)
× (δm31δm4,−1 − δm30δm40 + δm3,−1δm41)
× (δm21δm40 − δm20δm41)(δm11δm20 − δm10δm21) , (A17)
equals − 172 for m1 = 0, m2 = 1, m3 = 0, m4 = 0 or m1 = 1, m2 = 0, m3 = −1, m4 = 1, and
0 for all other cases.
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Appendix B: The momentum space integrals
For the non-trivial situation, that is M0 = M2 = −M , the momentum integral
IMLG ,MLG1 ,MLG2
(K) in Eq.(18) now reduces to
IM,0,M(K) =
∫
d3k1d
3k2d
3k3d
3k4 δ
3(k1 + k2)δ
3(k3 + k4)δ
3(KG1 − k1 − k3)δ3(KG2 − k2 − k4)
× ψ∗n100(k1,k3)ψ∗n21M (k2,k4)ψn01M (k1,k2)Y00
(k3 − k4
2
)
. (B1)
Provided the ground state dominance holds, we may simply take the principal quantum
numbers n0, n1 and n2 to be 1. The wave function ψ then turns to
ψ100(k) =
1
π3/4
R3/2 exp
(
−R
2k2
2
)
, (B2)
ψ11M (k) = i
√
2
π3/4
R5/2kM exp
(
−R
2k2
2
)
, (B3)
where kM , k±1 = ∓(kx ± iky)/
√
2 and k0 = kz, are the spherical components of vector k.
Simplifying Eq.(B1), we now have
IM,0,M (K) = δ
3(KG −KG1 −KG2)
∫
d3k1ψ
1∗
100(k1,K− k1)
× ψ2∗11M (−k1,−K+ k1)ψG11M (k1,−k1)Y00(k1) . (B4)
Here, in the ηc center of mass frame, KG = Kηc = 0 and KG1 = −KG2 = K. Applying which
to Eqs.(B2) and (B3), the spatial wave functions now write
ψ1∗100 =
R
3/2
1
π3/4
exp
(− R21(2k1 −K)2
8
)
, (B5)
ψ2∗11M = −i
R
5/2
2√
2π3/4
(2k1 −K)M exp
(− R22(2k1 −K)2
8
)
, (B6)
ψG11M = i
√
2R
5/2
0
π3/4
(k1)M exp
(− R20(k1)2
2
)
, (B7)
Y00 = 1√
4π
, (B8)
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where R0, R1 and R2 are the most probable radii of ηc, f0(1500) and η(1405), respectively.
After performing the integration, one may notice that the states M = 1 and M = −1 give
null contribution, i.e. I1,0,1 = I−1,0,−1 = 0, and
I0,0,0 = −δ3(KG −KG1 −KG2)
R
3/2
1 R
5/2
2 R
5/2
0
6
√
2π5/4(R20 +R
2
1 +R
2
2)
9/2
exp
(
− K
2R20(R
2
1 +R
2
2)
8(R20 +R
2
1 +R
2
2)
)
×
{
R20
(
R21 +R
2
2
) [
K4
(
R21 +R
2
2
)2 − 96]+ 12R40 [K2 (R21 +R22)− 4]
− 12 (R21 +R22)2 [K2 (R21 +R22)+ 4]
}
. (B9)
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